Generation of electromagnetic fields by moving charges is a fascinating topic where the tight connection between classical electrodynamics and special relativity becomes particularly apparent. One can gain direct insight into the fascinating structure of such fields by visualizing the electric field lines. However, the calculation of electric field lines for arbitrarily moving charges is far from trivial. Here, we derive an equation for the director that points from the retarded position of a moving charge towards a specific field line position, which allows for a simple construction of these lines. We analytically solve this equation for several special but important cases: for an arbitrary rectilinear motion, for the motion within the wiggler magnetic field of a free electron laser, and for the motion in a synchrotron. arXiv:1809.05868v2 [physics.class-ph] 
I. INTRODUCTION
Electric and magnetic fields generated by arbitrarily moving point charges are a fascinating topic where relativistic physics meets classical electrodynamics. In particular, accelerated point charges are the generators for almost all electromagnetic radiation, such as that emitted by oscillating electric dipoles, synchrotrons, or free electron lasers. As is well known, the electric field E of an arbitrarily moving point charge q can be found with the help of Liénard-Wiechert potentials and has the explicit form [1, 2] E (r, t) = q
where the three-dimensional vector R is the spatial part of the four-dimensional null-vector
This null-vector defines the retarded time t < t via
at which the right hand side of equation (1) has to be evaluated. Here, r 0 (t) is the particle's trajectory as a function of time t. Furthermore, the symbol β(t) = c −1 dr 0 (t)/dt is the particle's velocity divided by the speed of light c, γ is the usual Lorentz factor γ = 1/ 1 − β 2 , and a dot denotes differentiation after * jenderl@gwdg.de time. For finding the electric field at a given position r and time t, one has firstly to solve the retarded time equation (3) , and then secondly to evaluate the right hand side of (1) at time t , which is typically a numerically demanding task. Another way of visualizing an electric field is to use electric field lines -continuous lines tangential to the electric field vector. Visualization of field lines can help in better understanding complex field configurations generated by non-trivial particle trajectories, and knowledge of field lines can also be used to estimate the electric field strength, due to the interconnection between local field line density and field strength as embodied by the zero divergence of the electric field in source-free space. Thus, the question how to efficiently calculate and draw field lines for arbitrarily moving point charges has been repeatedly considered in the literature [3] [4] [5] [6] [7] [8] [9] . Here, we present an efficient and relatively simple way of how to find and draw electric field lines of an arbitrarily moving charge by deriving a compact auxiliary equation for a unit vector pointing from the retarded position of the charge to a specific field line position. We then find analytic solutions of the problem for several important cases.
II. ARBITRARY MOTION
Let us describe a field line at time t by a parametric three-dimensional curve p (s) which is parametrized by the variable s. Along all its positions, it has to be parallel to the electric field vector, which means that it has to obey the differential equation
Taking into account the non-trivial form of the electric field as given by eq. (1), finding analytic solutions to this equation seems to be a formidable task. Note that any Cartesian position r can geometrically be referenced to the retarded position r 0 (t ) by r = r 0 (t ) + R(t ), where t is the retarded time of the particle's position when it contributes to the electric field at position r, see also figure 1. In particular, this holds true also for positions r = p(s) on a field line. Our core idea is to use the retarded time t to parametrize a field line, by setting s = t . Thus, the time t has a double meaning: it denotes the retarded time t and it parametrizes the field line, and we find for the field line positions the relation
where we have used the fact that the length of the vector R(t ) is c(t − t ), so that the vectorλ(t ) on the right hand side of eq. (5) is a unit vector pointing from the retarded position r 0 (t ) of the point charge to a position p(t ). Now, let us consider eq. (4). Because we require that vector dp/ds ≡ dp/dt and vector E have only to be parallel at all positions p(t ), we can choose any proportionality factor in eq. (4) between these two vectors. Let us thus set dp/dt equal to −cγ 2 R 2 1 −R · β 3 E/q so that we find the field-line determining equation
where a hat over a vector symbolizes normalization (unit vector). Now, by inserting eq. (5) into the last equation, we find the following auxiliary equation for the unit vectorλ(t ) =R
This equation is the core result of our paper: When we can solve this equation and determineλ(t ) for all times t < t, then we can use eq. (5) to find the full field line. Thus, t plays the role of a line parameter and does not have to be found a priori from an implicit retarded time equation such as eq. (3), as has to be done when calculating the electric field. The final condition of eq. (7), i.e. the directionλ(t = t), defines into which direction a field line starts from a point charge at time t.
Although we cannot present a general solution of eq. (7) for an arbitrary motion r 0 (t ), we consider in the next chapters several important and quite general cases for which analytical solutions can be found.
III. RECTILINEAR MOTION
Let us assume that the velocity and acceleration are all the time co-linear, i.e.β β. In that case, our auxiliary equation forλ simplifies to
Multiplying both sides with unit vectorβ leads to an equation for the component λ =β ·λ ofλ parallel to the constant direction of motion,
This equation can be integrated and has the solution
where n is an integration constant. For aλ-component λ ⊥ that is orthogonal to the direction of motion, we can find a similar equation by multiplying both sides of eq. (8) with a unit vector perpendicular toβ. This results in
which can also be explicitly integrated and has the solution
with a second integration constant n ⊥ . By adding λ 2 and λ 2 ⊥ together, one can check that n 2 + n 2 ⊥ = 1 so that the integration constants are the components of a unit vectorn. Putting all together, this leads to the compact result
Inserting this expression into eq. (5) and after some algebraic transformations, one finds the result for the electric field line itself as
Here, β and γ in the square bracket are evaluated at time t . Please note that the expression r 0 (t ) + c(t − t )β(t ) in the above equation would represent the position of the moving charge if it would continue to move uniformly with its instantaneous velocityṙ 0 (t ) = cβ(t ) from its position r 0 (t ) at time t . Thus, the vector in the second line of eq. (14) points from this virtual position to the field line position corresponding to t . The found expression for p (t ) gives an explicit parametric representation of a field line at time t, where the parametric variable is the retarded time t . For finding a particular field line, one first definesn and then traces the line for decreasing values of t starting from t = t.
To better understand the physical meaning of the unit vectorn, let us check eq. (14) against the well-known case of a point charge moving uniformly with velocitẏ r 0 = cβ. For this case, the electric field reads E(r, t) = qγ∆r γ 2 (∆r ·β) 2 + ∆r − (∆r ·β)β 2 3/2 (15) where we have used the abbreviation ∆r = r − r 0 (t ) − c(t − t )β. This expression describes an isotropic electric field which is "squeezed" by a factor γ −1 along the direction of motion. Thus, if a field line is directed along unit vectorn in the particle's rest frame, it will point along directionn
in the observers' lab frame. Comparing eq. (16) with eq. (14) shows that eq. (14) indeed describes straight field lines along directionsn starting from the instantaneous position r 0 (t )+c(t−t )β of the uniformly moving charge at time t, and thatn in eq. (7) is the starting direction of the field line within the rest frame of the moving charge.
To summarize, eq. (14) describes the field line position as pointing from the virtual position r 0 (t ) + c(t − t )β into the direction of the squeezed unit vector in the charge's rest frame. Thus, if β = const., this direction is also 
A. Uniformly accelerated motion
As a first application of eq. (14) we consider the well-known classical example of a uniformly accelerated charge which is at rest at time zero, then (relativistically) accelerates along the (horizontal) x-direction with constant acceleration to the speed c/ √ 2 within one unit of time, and then continues to move uniformly with that constant velocity. For such a motion, the particle's xposition as a function of time is given by Fig. 2 shows the electric field lines overlaid with a density plot of the decadic logarithm of the electric field amplitude for the time t = 4. As can be seen, eq. (14) nicely reproduces the field lines of the static charge at large distances and those of the uniformly moving charge at small distances from the particle, with the acceleration-related transition zone in between. Fig. 2 but for a decelerating charge, the horizontal position of which is described by eq. (18). Shown is a snapshot for time t = 4.
FIG. 3. Same as

B. Bremsstrahlung
The second example considers the opposite situation: A uniformly moving charge (uniform speed c/ √ 2) starts to decelerate at time zero with constant deceleration so that it stops moving at time one. Now, its position is given by
The resulting field lines and electric field for t = 4 are presented in Fig. 3 . Although the motion of the charge is a simple time-reversal of the first example, the field lines and electric field look significantly different, which is, of course, a direct consequence of the retarded time effect.
C. Oscillating charge
As a third and last example for rectilinear motion we consider a charge which oscillates with angular frequency ω and amplitude a along the vertical direction. Thus, its vertical position is given by y 0 (t) = a sin ωt (19) so thatβ =ŷ and β = aω cos ωt/c. The resulting field lines and electric field for the numerical values ω = π and ωa/c = 0.8 are presented in Fig. 4 for t = 0.
IV. PLANAR MOTION
Remarkably, the expression of eq. (14) was already presented by Arutyunyan in the eighties of the last century, 19), with oscillation angular frequency ω = π, and oscillation amplitude a chosen in such a way that the maximum value of β = ωa/c is equal to 0.8. Shown is a snapshot at time t = 0. Shown are field lines that start, in the particle's rest frame, from its position at angles φ = 10 • to φ = 350 • with respect to the horizontal axis in steps of 20 • . see refs. [12] [13] [14] . There, it was claimed that it is valid also for non-rectilinear motions such as that of a charge in a synchrotron. Unfortunately, this is not true because its derivation was based on the assumption that β β so that the term with β ×β in eq. (7) drops out. In the next sections we consider two cases of planar motion (motion confined to a plane) where this is no longer true, but where we can still find analytical solutions to eq. (7).
A. Free electron laser
Let us consider the motion of a point charge in a free electron laser [15] [16] [17] : A point charge moves with constant speed cβ 0 along the x-direction and wiggles along the orthogonal y-direction with arbitrarily timedependent velocity cβ ⊥ (t). Thus, we now have
In what follows, we consider always field lines in the plane of motion so thatλ lies in the xy-plane. Let us denote the angle betweenλ and the horizontal x-axis by ψ(t) so that λ ×β =β ⊥ cos ψ(t)ẑ whereẑ is a unit vector pointing out off the xy-plane. Also, we have β ×β =β ⊥ (t)β 0ẑ . Taking into account that dψ/dt equals the modulus of dλ/dt we find
This equation can be solved analytically and has the explicit solution
where φ is the final angle of ψ(t ) at time t = t, and where we have introduced the abbreviations
Knowing the solution for ψ, the unit vectorλ is given bŷ
which, when inserted into eq. (5), solves the problem of finding a parametric description for the electric field lines. The found expressions are valid for an arbitrary transverse motion described by β ⊥ (t). Let us consider the special case of a harmonic transverse oscillation with frequency ω. Then, the particle's trajectory is described by
Let us consider the following numerical values: ω = π, β 0 = 1/ √ 2 and β ⊥ = 0.1. Thus, the particle moves uniformly with 1/ √ 2 light speed along the horizontal axis while oscillating with maximum 0.1 light speed vertically. The resulting field lines and electric field are shown in Fig. 5 . One nicely sees that regions of strong transverse field-line orientation (with respect to the line of sight from the particle) and thus field line density correspond to regions of large electric field strength.
B. Synchrotron
The last considered example refers to the motion of a point charge in a synchrotron [18] [19] [20] [21] [22] : a motion with uniform speed around a circle with radius a and angular frequency ω. Thus, the time-dependent coordinate of the particle is described by r 0 (t) = a (cos ωtx + sin ωtŷ)
so that the constant modulus of β is β = aω/c and the constant modulus ofβ isβ = ωβ = aω 2 /c. Let us denote the angle betweenλ and r 0 by ψ. Then we find the determining equation for ψ(t ) from eq. (7) as FIG. 5. Same as Fig. 2 but for a wiggling motion as described by eq. (26). Shown is a snapshot at time t = 0 in the xy-plane.
FIG. 6. Electric field lines and electric field amplitude for a circularly moving point charge (indicated by the green line) at 0.6 light speed. Here, the unit of length is 1 km, and the radius of the circular motion is 0.1 km. High field intensities coincide with strong bunching of electric field lines, demonstrating nicely the tight connection between field intensity and field line density.
where the ω on the left side comes from the uniform rotational motion of r 0 . After replacingβ by ωβ and subtracting on both sides ω, can be rewritten into
Again, this equation admits an analytical solution which reads 
where φ now is the final value of ψ(t ) for t = t. Now, with the solution for ψ(t ) at hand, the unit vectorλ is given in Cartesian (x, y)-coordinates bŷ λ(t ) = {cos [ωt + ψ(t )] , sin [ωt + ψ(t )]} (31) which again solves the full problem. As a numerical example, let us first consider the case of charge moving with 0.6 light speed around a circle of a = 100 m. Thus, we find for the angular frequency a value of ω = 0.6 c/a ∼ 1.8 · 10 6 s −1 , which corresponds to an oscillation period of ∼ 3.5 μs. The resulting field line structure and electric field are presented in Fig. 6 . For comparison, we consider also a travel speed of 0.9 c, which corresponds to an angular frequency of ω = 0.9 c/a ∼ 1.8 · 10 6 s −1 , or an oscillation period of ∼ 2.3 μs. The field line structure and electric field for this case are shown in Fig. 7 . Although both figures 6 and 7 look qualitatively similar, one can see how the field line structures develops a more pronounced shock-wave structure for velocities closer to the speed of light.
V. CONCLUSION
We have presented an elementary derivation of a differential equation, eq. (7), the solution of which leads to a simple description of electric field lines for an arbitrarily moving charge. We have presented several analytical solution of this equation for a quite broad class of cases. Even if one cannot find analytical solutions to eq. (7), its simplicity should make numerical integration straightforward. Thus, it provides a powerful tool for visualizing the electric field structure generated by a point charge moving along arbitrarily complex and relativistic trajectories.
